IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 40, NO. 1, JANUARY 1992 143

Theoretical and Experimental Study of
Measurement of Microwave Permittivity

Using Open Ended Elliptical
Coaxial Probes

Yansheng Xu, Fadhel M. Ghannouchi, Member, IEEE,
and Renato G. Bosisio, Senior Member, IEEE

Abstract —In this paper, a new kind of coaxial probe for
measurement of microwave permittivity—open-ended elliptical
aperture—is studied from theoretical and experimental view
points. Calculated results are discussed and compared with
experimental values. Wideband measurements of the dielectric
constants of liquids are performed by using this kind of needle
type probe. Both theory and experiment show that open-ended
elliptical coaxial probes can be successfully used in wideband
dielectric constant measurements with the advantage of in-
creased sensitivity, especially at low frequencies. Moreover, this
kind of probe can easily be fitted into gels and living tissues:
these features are very important in biological applications both
for measurements and microwave radiation treatment [1].

INTRODUCTION

EASUREMENT of microwave permittivity by us-

ing standard open-ended coaxial lines has been
studied by many authors [2]-[4] and has found useful
applications. Because of their simplicity, only coaxial lines
with circular configuration have been used. Nevertheless,
it is both of theoretical and practical importance to exam-
ine probes of more complicated configurations to find
new possibilities and advantages. To this end, we shall
study open-ended elliptical coaxial probes to improve the
sensitivity of measurements, and to facilitate in vivo mea-
surements of biological tissues, etc.

THEORETICAL ANALYSIS

At first, we examine the radiation from an open-ended
elliptical coaxial line with an infinite flange. The cross-
section of this coaxial line is shown in Fig. 1. The semi-
major and semi-minor axes of the ellipses which charac-
terize the dimensions of the inner and outer conductors
of the coaxial line are a,, a,, b; and b,, respectively.
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\ The radiated magnetic field of the outside space region
1s related to the tangential electric field of the aperture
E¢(£1,m,) as follows [5]:
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where
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A, is wavelength in free space, €, u are dielectric constant
gndﬁpermeability of the outside space, respectively and
l¢g,i, are the unit vectors along the £, and z axes,
respectively.

In (1) the electric field E,(£;,m,) is taken to be the
principal mode of the coaxial line and it has only the &,
component [6].

The integration in (1) is performed over the aperture of
the coaxial line §;. The 5 components of the magnetic
fields of the coaxial line are expressed as follows:

H, (&m,2) = A H,,(e™* — R, e~ %)

+ X AR (é.m)exp(v,2),  (2)
n=1
where H,, denotes the magnetic field of the principal
mode with A4, as its coefficient, A,R,(£,m) describe the
fields of higher order modes and

2
ki=k0\/g=/\—\/€,

where e, is the dielectric constant of the medium situated
between the inner and outer conductors of the coaxial
line.

For E-waves the &-component of the electric field is
computed to be

8
iweBe(£,m,2) = 5-H,(£,1,2). (3)

z

0018-9480,/92$03.00 ©1992 IEEE



144

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 40, NO. 1, JANUARY 1992

12a0= Qbszoscp

/

-
I

6—2})0-9

20y

2ba

Fig. 1. Cross-section of the elliptic coaxial line, £ =coshu, n=cosu.

Only the E-modes among the higher order modes are
considered at this step discontinuity.

The amplitudes A, are related to the aperture field
Ego(g,n), and they are obtained by multiplying E.(&,7)
with H, ,ds and R,(£,n)ds, respectively. Integration over
the aperture gives

iwe,[quo(g,n)Rn(g,n) ds

Y

A

n

and
e, J[Eeo&,m) Ho(&,m) ds

A, = —.
KR [ [ Hyoem)]ds

(4)

The tangential magnetic fields are continuous in the
aperture at z =0, and H,(¢,7,0) of (1) is also equal to
expression given in (2) over the aperture. We obtain the
normalize_gi admittance of the coaxial line by multiplying
them by i, H, (¢,m) and integrating over the aperture,

In practical measurements very small probes are used
and the cross-sections of the probes are generally much
smaller than the wavelength. Therefore, all the higher
order modes in our calculation may be neglected and in
the derivation of (5), the electric field E,, is taken to be
the principal mode of the coaxial line and hence all terms
containing A, are equal to zero.

It should be pointed out also that the effect of the
higher modes may be calculated by using the method,
similar to that used in [13], although the computation will
be very complicated. The magnetic fields of the principal
mode have only one m-component and from references
[6], [7] we have

A
Veosh?u —cos?v V&> —n2

H, (¢,m) ~ (6)

where coshu = £ and cosv =7 and A is the amplitude of
the magnetic field to be determined. )

It is shown thdt for an arbitrary function f(&,7), the
following integral over the aperture of the coaxial line S

eikr

. T’. . 2N (7 e
- R, szHno(g,*r))/k;lEgl(fl,nl)l77 (VV-+ k%) " (z§1><zz)ds1ds

Yg: —
1+R,

where z: is the unit vector along the n-axis.

(5)
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vanishes, i.e.: From the above expressions, the following identities

fs H,,(£,m)i, Vf(£,m)ds

§2fu=2‘rrH (g )i[if(f )]h h dfd(cos )
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AC
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A= f(én)

v=0

=0, (7
where h,, h, are the metrical coefficients of the elliptic
coordinates [3]

/§Z_n2 §2_n2
hg—C ?T’ hn—C —1?,

and £,,¢, are the coordinates of the inner and outer
ellipses, respectively.

The first term on the right hand side of (5) becomes
zero and we have

etkr
i -(iglxiz)dslds
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where the field components E, and H, of the principal
mode from [6] are proportional to

1
§2 - ,n2
In order to facilitate the calculation of the value Y, we

take the cylindrical coordinates (p, 8, z) instead of elliptic
ones and we have from [7]:

y=Cy(£-1)(1-7%),

y =psin#,

X =Cén,
X=pcosh,
p2=X2+y2+C2(§2+772—1),

and

can be derived:

(C*+pH)+ \/(C2 +p2)’~4C%p2cos? 0

2=
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and r=[p?+p?—2pp,cos (8~ 91)]1/2

Finally we obtain

ik e
Y. = B,
f 27‘/71 G, +i
where
f 1 f 1 eikr wd p
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T
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and ¢ = a — oy where a and «; are the angles between
the x-axis and the tangential of the curves ¢ = constant
and £, = constant, respectively, the expressions for « and

, @, are given by

¢ [1-79° & [1-mn7
a=tan"! =1/ — and a,=tan"!— 5 L
n £°-1 &—1
For small probes |kr| <1 we may expand e*” into a

Taylor series [8]. The first and third terms of the expan-
sion take the following form (the second term of expan-
sion equals zero):

cos iy

/ L f ! ds, d
APR/A)

S\/§2—n2 51\/512_771 '

L= : :

fs(fz—nz) &

(10)

rcosyds, ds

1
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L= , (11)
fs(§2~n )ds

and I=1,—-k1;/2.
In practice, the fabrication of an elliptic coaxial line is

quite complicated, and a simple method to obtain the
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Fig. 2. Coaxial probe with bevel angle.
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Fig. 3. Calculated curve of integral I; and I, for different bevel angles. (___ for I; and ------ for I5).

TABLE 1
CALCULATED VALUEs oF ¥, FOrR BEVEL ANGLEs 0°, 30°, 45°, aND 60°, € =76 —111.5 (WATER), b, = 0.0456 cm anD by = 0.1499 cm™
= (e - ‘el - O - 600
Frequency ¢=0 ¢ =30 p =45 ¢
GHz B, G, B, G, B, G, B, G,
2.0 .3240 6.176 1073 3736 9.838x 1073 4532 1.938x 1072 6276 6.211x1072
2.5 3299 1.096x 1072 3806 1.743x107° 4649 3.407x 1072 6422 1047
3.0 3362 1.747x 1072 3888 2.767%x 1072 4758 5.340x 1072 6474 1555
3.5 3426 2.580%x107" .3967 4.060%x 107 4845 7.704x 10~ 2 6408 2103
4.0 3487 3.595%1072 4036 5.611x1072 4398 1043 6218 2648

*The dielectric constant of water is rather high and the radiation effect is seen from G, values to become significant at high

frequencies and for large bevel angles.

elliptic configuration is to bevel the open-end of a circular
coaxial line [9], {10], as shown in Fig. 2. The resulting
aperture may be considered as a transition from circular
to elliptic and the radiation aperture becomes elliptic
also. Although the cross-section of the open-ended circu-
lar coaxial probe with bevel angle ¢ is elliptic, the inner
and outer ellipses of the aperture of the probe do not
coincide simultaneously with the commonly used elliptic
coordinates [7]. To simplify the calculation, an assumption
is made to lightly deform the outer ¢llipse so as to make it

coincide with the elliptic coordinates [7] of the inner
ellipse. The equal area principle—to make the areas of
the ellipses before and after deformation equal to each
other—is used, i.e.:

a,b,=ab,=a%cos g, (12)
where a,,b, and a,, b, are the major and minor semi-axis
of the outer ellipse before and after deformation, respec-
tively. For elliptic coordinates we have from [7]:

C*=a3—bi=a%—Db2=a’sin’op,
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Fig. 5. Model of the probe for measurement.

therefore,
C=a,sine.

(13)

Equations (12) and (13) are solved for a,, and we find

C2+\/C4+4afcoszgo
a,= > . (14)

The calculated curves of I; and I; for a circular coaxial
line with inner radius b, = 0.0456 cm, outer radius b, =
0.1499 cm, €, =2.05, and different bevel angles ¢ are
shown in Fig. 3. The calculated data for Y, using the same
circular coaxial line with bevel angles 0°, 30°, 45°, and
60° with water (e =76—i11.5) as a calibration medium
are obtained from (9) and are listed in Table 1.

ExpPERIMENTAL RESULTS

The assembled laboratory test systems as used are
shown in Fig. 4. The measurements are performed by
using a six-port reflectometer (SPR), a low-cost laboratory
computer and a number of standard microwave labora-
tory instruments (power meters, counters, sweepers, etc.)
as presented in [9]. The equivalent model of the probe
immersed into a tested medium is shown in Fig. 5. A

TABLE I
CoMPARISON OF CALCULATED AND MEASURED Ratios L(¢°)/L(0°)
FOR b, = 0.0456 cm, b, = 0.1499 cm BY USING AIR AND WATER
AS STANDARD MEDIA

Frequency L(45°)/L(©0%) L(60°)/L(0°)
GHz Calculated ~ Measured  Calculated  Measured
2.0 1.399 1.631 1.937 2.005
2.5 1410 1.644 1.947 2.014
3.0 1.415 1615 1.916 1.969
35 1.414 1.536 1.871 1.850
4.0 1.405 1.386 1.783 1.639

short section of coaxial line L is used to model the effect
of radiation of the eclectromagnetic fields in the tested -
medium from the probe [9]. The probes are calibrated by
using two standard dielectric media, i.e., air and water
(e’ =76, € = —11.5) and two different dimensions of the
probes: b, =0.0456 cm, b, =0.1499 cm, and b, = 0.0255
cm, b, = 0.0838 cm, are tested. The calibration procedure
and formulas are the same as in [9], and they will not be
repeated here. The relationship between the normalized
admittance at the open end of the probe, Y,, the mea-
sured dielectric constant, e, and the length of the coaxial
line in the equivalent model (Fig. 5) is described by the
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following formula:

k,L
Y'=iléiwan(kOWEL)zie -

i =

The comparison of values L(¢°)/L(0°) calculated and
measured by using air and water as standard media for
b,=0.0456 cm and b, =0.1499 cm is shown in Table II.

The calculated data in Table II are obtained from the
values Re(7) by using (9) and (15). It is noted that in
general the degree of agreement increases with increasing
bevel angles and as the elliptical model of the probe

(15)

becomes more representative of the actual geometry of
the probe tip.

This discrepancy is attributed to the following: the
effect of higher order modes, the differences between the
calculated and experimental models, the reflection of the
transition from circular to elliptic coaxial line, the effect
of the flange, the effect of radiation and measurement
errors, etc.

Preliminary results were published in [10] and we now
present finalized results. The experimental curves of di-
electric constants of methanol over the frequency band
2-4 GHz using probes with bevel angles 30°, 45°, and 60°
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and their comparison with data published in the literature
[11], [12] are shown in Figs. 6-8. In general, good agree-
ment between the two sets of results is obtained.

The experimental curves of the same medium
(methanol) measured by using standard coaxial probes
(with bevel angle ¢ =0°) are presented in [9] and they
will not be repeated here. From the comparison of the
above results, we conclude that both the standard and the
beveled angle probes can give satisfactory experimental
results which are in good agreement with each other.
However the main advantages of the beveled probe are
the following:

1) The measurement sensitivity increases with respect
to the bevel angle for a given dimensioned circular coaxial
line. This is especially valuable in cases of low frequency
measurements and small dimensions of the probes where
the sensitivity is low. Generally speaking, the measure-
ment sensitivity is approximately proportional to the val-
ues of I, calculated from (9) or the length L in (15).
When the probes arfe small, the sensitivity is actually
proportional to I; in (10), where the higher order terms
L, 1, -+ are all very small and can be neglected. This is
easy to understand since, for a certain probe and a certain
amount of change of dielectric constant of the measured
media, the larger /, L or I, will give larger changes of
measured normalized admittance Ys. From Tables I, II,
and Fig. 3, it is clear that all these three values (I, L and
I,) increase with the bevel angle ¢. In general, improve-
ment of 40% may be achieved in the case ¢ =45° in
comparison with the standard probe (¢ = 0°) and 90% in
the case ¢ =60°. It is also well-known that the measure-
ment sensitivity increases with the dimension (cross-sec-
tion) of the coaxial line.

2) A slanted cut aperture from a circular coaxial line
(the beveled probe) is not only a practical model for the

realization of probe tips with elliptical cross-section but it
is also more valuable than a right angle cut aperture
made on an elliptical coaxial line. The fabrication of the
beveled probe is much simpler than the elliptical probe.
More important is the fact that the beveled probe is much
more useful than the probes used to date. In biological as
well as biochemical applications, in vivo measurements of
biological tissues on a living body are often essential.
Nevertheless, the shape of a living body is generally quite
complicated and the problem of fitting the probe into the
measured sample often arises. By selecting the bevel
angle ¢, this fitting problem may be drastically facilitated
and this feature is an additional advantage of this new
type of probe, which is very important in biological mea-
surements.

CONCLUSION

We have analysed an open-ended coaxial probe with an
elliptic cross-section. Calculated and experimental results
show that by using this kind of probe the measurement
sensitivity may be improved, but at the same time, the
radiation effect is also enhanced, especially at high fre-
quencies. The beveled circular coaxial probe is a practical
model for the realization of probe tips with elliptical
cross-sections. It may not only drastically simplify the
fabrication of this type of probe, but also makes it easier
to insert the probe into the sample such as living tissues
which is very important in biological as well as biochemi-
cal applications. Experiments show that the beveled angle
probe has given satisfactory results, and it is a valuable
asset in microwave permittivity measurements. The pre-
cise theoretical calculation of this probe is very compli-
cated and the above theoretical analysis (radiation from
open-ended elliptic coaxial line) is nevertheless useful.



150 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 40, NO. 1, JANUARY 1992

The effects of higher order modes and the reflection of
the transition from circular to elliptic coaxial line should
be considered in the future. The present method of
theoretical analysis is also useful in the study of radiation
characteristics (impedance, gain, radiation patterns) of
open-ended elliptic coaxial line antennas.
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